Evolution of dendrite morphology in Fe-base alloys was simulated by using the phase-field method and complexity of the dendrite morphology was evaluated by fractal dimensions and dimensionless perimeter of dendrites. It was shown that the both parameters of the fractal dimension and the dimensionless perimeter are effective to evaluate the complexity of dendrites. Factors controlling the dendrite morphology such as materials properties, composition and cooling rate were investigated by the simulation. Permeability of simulated dendrite array was estimated from the fractal dimension and the dimensionless perimeter, and obtained permeability corresponded to reported values of the permeability for metallic alloy systems.
Introduction
Control of the macro-segregation and porosity formation in castings and ingots is very important because the macrosegregation and porosity have influences on the mechanical properties of the final products. Hence, many experimental, theoretical and numerical studies about the macro-segregation and porosity formation have been carried out. One of the major factors causing the macro-segregation and porosity is interdendritic fluid flow during solidification. Fluidity of solute rich residual liquid in solidifying dendrite arrays can be expressed as the permeability. To investigate the formation process of the macro-segregation and porosity based on a theoretical analysis or a numerical simulation, accurate value of the permeability must be required with relating to the composition and fraction liquid of a target alloy.
Several measurements of permeability have been carried out by experimental methods for some metallic [1] [2] [3] [4] [5] [6] [7] and borneol-paraffin organic alloy systems. [8] [9] [10] However, experimental measurements are time consumption works and high cost would be required to obtain the permeability data of many commercial multi-component alloys. Theoretical attempts have also been tried to estimate the permeability of porous media and the relationship between the permeability and fraction of liquid in the mushy zone were obtained based on a capillary flow model and the Darcy's law. However, at the present time, it is still difficult to estimate the permeability of a solidifying alloy with taking account of complex change in dendrite morphology based on the theoretical method.
In the past two decades, several attempts have been carried out for simulating the solidification structure formation during the solidification of an alloy by using the Monte Carlo (MC) method, 11) Cellular Automaton (CA) method 12, 13) and Phase-field (PF) method. [14] [15] [16] [17] [18] [19] Among those methods, the PF method is a very powerful tool for simulating the evolution of dendrite morphology. Complex dendrite arrays could be generated in a computer system by the PF method according to given conditions.
On the other hands, to evaluate the complexity of material structure, the fractal theory has been applied to describe the morphology of materials structure. [20] [21] [22] [23] Yang et al. 23) calculated the fractal characteristic of dendrite and cellular structure of Ni-based superalloy under various cooling conditions. Sanyal et al. 24) presented the mushy zone of an alloy as a network of continuous fractal structure, and they calculated the permeability of the mushy zone based on the fractal dimensions of dendrite network.
In the present work, phase-field simulation for dendrite structure evolution in Fe-base alloys was carried out and the morphology of simulated dendrite network was evaluated based on two parameters of fractal dimensions and dimensionless perimeter of dendrite. Effects of factors such as partition coefficient, S/L interface energy and the magnitude of anisotropy on the dendrite morphology were examined. Finally, the permeability of simulated mushy zone was estimated based on the evaluated fractal dimensions and dimensionless perimeter.
Model

Phase-field Method
In the present work, the phase-field model for an alloy with the thin interface limit condition proposed by Kim et al. was used (KKS model).
15) The governing equations of
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. where f is phase-field, c is mole fraction, M and e are phase-field parameters, D(f) is the diffusivity of solute and the subscripts under f denote the first and second derivatives of corresponding variables. The free energy density, f(c, f), is defined as the sum of free energies of liquid and solid phases and imposed parabolic potential, g(f). The solute composition in the interface region, c, is determined to be a fraction-weighted sum of liquid and solid compositions.
where h(f)ϭf
, W is also the phasefield parameter and the subscripts of S and L denote solid and liquid phases, respectively.
The phase-field parameters of e and W are related to the interfacial energy, s, and interfacial thickness, 2l, and are given as follows: (7) where R is gas constant, T is temperature, V m is molar volume, k 0 is equilibrium partition coefficient, m is liquidus slope, m k is linear kinetic coefficient and the subscript of e denotes the equilibrium condition, respectively. In the vanishing kinetic coefficient condition (m k Ϫ1 ϭ0), the mobility is rewritten as MϭM d
Ϫ1
. For a dilute ternary alloy system, we used the same governing equations and parameters as those of the KKS model.
15)
Calculation Condition
For numerical calculation, Eqs. (1) and (2) were discretized into uniform square grids and solved by using the explicit finite difference method. An Fe-0.15mass%C binary alloy and Fe-0.15mass%C-0.5mass%Mn ternary alloys were chosen as the target alloys whose material properties used in this simulation are shown in Table 1 . The thermodynamic data for the Fe-0.15mass%C-0.5mass%Mn ternary alloy was calculated by using the Thermo-Calc software and the equilibrium compositions of solid and liquid at the S/L interface were given as a function of temperature in advance. The phase-field mobility was determined by using vanishing kinetic condition because the value of m k is very large in metallic systems.
The anisotropy of the S/L interface is introduced to the phase-field parameter, e, which is related to the interfacial energy. Four-fold symmetry at two-dimensional condition is expressed as follows: (8) where e 4 is the magnitude of anisotropy, which have to be e 4 Ͻ1/15, and q is the angle between the axis normal to the S/L interface and the x axis.
In the simulation, two calculation domains with rectangular shape of 1 000ϫ1 000 and 1 200ϫ800 grids were used. Three grid sizes of 0.02ϫ10 Ϫ6 m, 0.2ϫ10 Ϫ6 m and 0.4ϫ10 Ϫ6 m were used for different calculation conditions. For reducing the computational time, the simulation was carried out in a half of the domain and the simulated result was transcribed onto another half of the domain for the display of the simulated dendrite. In order to simulate the evolution of secondary dendrite arms, planar solid, which was regarded as the primary dendrite arm, was put in the lower side of a half of the domain as an initial condition. Zero flux condition was set at upper and lower sides and periodic condition was set at right and left sides of the domain. In this simulation for an alloy system, temperature field in the domain was not calculated because dendrite growth is controlled by solute diffusion. Uniform temperature field was set in the domain. Simulations were carried out under two conditions of isothermal holding in undercooled liquid and continuous cooling from liquidus temperature. 
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Evaluation of Dendrite Morphology 2.3.1. Fractal Dimension
In 70's B.B Mandelbrot presented a new concept of the fractal which expresses the self-similarity of the geometry observed in the nature. Until now, the fractal theory has been developed. Recently, some attempts have been carried out to apply the fractal theory for describing the morphology of dendrite in metallic alloys. "Fractal dimension" was used to evaluate the of the dendrite morphology quantitatively.
In this study, the fractal dimension of the simulated dendrites was calculated by using the box count method. 25) Procedure of the box count method is as follows; the area including the simulated dendrite by the PF method is divided into the square meshes with the size of r. Then, the number of meshes, N, in which S/L interface is included was counted. Then, the mesh size, r, is changed and the same procedure is repeated. If the following relationship is made up between the number of the meshes, N, and the mesh size, r, the geometry of the dendrite is fractal The exponent, D, is the "Fractal dimension" and its value can be obtained from the slope of the plot line of log r vs. log N.
Dimensionless Perimeter of Dendrite
Besides the fractal dimension, a new index "Dimensionless perimeter" of dendrite was introduced as another method for evaluating the dendrite morphology. "Dimensionless perimeter" was calculated as follows; first, the perimeter of a simulated dendrite L1 is measured. Then the perimeter L2 of the circle whose area is same as that of the dendrite is measured. The "Dimensionless perimeter" of the dendrite was defined as the ratio of L1/L2. The dimensionless perimeter increases when dendrite morphology becomes complex. Therefore, dimensionless perimeter is an effective index for showing the complexity of the dendrite shape.
Results and Discussion
Simulated Dendrite Morphologies
Evolutions of dendrite morphology in Fe-0.15mass%C binary alloy at 1 780 K simulated by the PF method are shown in Fig. 1 . In this simulation, the temperature of the domain was uniform. Figure 1 (A) shows the evolution of dendrite simulated under the standard condition shown in Table 1 . In the figure, dendrite arms are well developing with the progress of solidification, and competitive growth of the dendrite arms can be observed. With decreases in fraction of liquid, some branches grow up from other branches by priority and some branches are stopped and disappeared.
To examine the effect of the material properties on the dendrite morphology, PF simulation was carried out with different material properties from the standard condition shown in Table 1 . In the simulation, material properties were arbitrarily changed. Fig. 1 (B There is a difference between the dendrite morphology depending on the material properties used in the simulation. Dendrite morphology becomes more complex with increase in the partition coefficient, k 0 and the magnitude of the anisotropy parameter, e 4 . On the other hand, the dendrite morphology becomes simple with increase in the interfacial energy, s. The complexity of each dendrite seems to be in order of D, B, A and C based on the observation. In the present study, the phrase "complexity of dendrite" is used to express morphology which determines interdendritic fluidity. However, the determination of the "complexity" above is rather intuitive. Quantitative discussion about the complexity of the dendrite morphology will be presented by using the fractal dimension and dimensionless perimeter in the following section.
Fractal Dimension and Dimensionless Perimeter
To evaluate the complexity of the dendrite morphology shown in Fig. 1 , the fractal dimension and dimensionless perimeter of each dendrite structure were calculated. Values of liquid fraction, f L , fractal dimension, D f , and dimensionless perimeter, L, for each dendrite morphology are shown in Table 2 . The change in the fractal dimension, D f and dimensionless perimeter, L with increase in liquid fraction, f L are shown in Fig. 2 and Fig. 3 .
In Fig. 2 , the fractal dimension, D f , tend to increase with decrease in the liquid fraction. In Fig. 3 , the dimensionless perimeter, L, also increases clearly with decrease in liquid fraction. In the range of calculated liquid fraction, the values of the fractal dimension, D f , and dimensionless perimeter, L, become large in order of D, B, A and C, and this results agree with the observation of each dendrite morphology shown in Fig. 1 . Hence, it can be demonstrated that both the fractal dimension and the dimensionless perimeter can be used as index for judging the complexity of dendrite morphology.
The value of the fractal dimension changes in a range from about 1.2 to 1.5 in the Fig. 2 . This result is quite reasonable because the value of the fractal dimension of geometry in 2D plane is in a range from 1 to 2. On the other hand, the value of the dimensionless perimeter becomes larger value when dendrite morphology becomes more complex. Figure 4 shows the relationship between the fractal dimension, D f , and dimensionless perimeter, L calculated from the dendrite structures shown in Fig. 1 . There is a positive correlation between D f and L. This suggests that both the fractal dimension and the dimensionless perimeter can be used as the index for evaluating the complexity of dendrite morphology.
Interdendritic Fluidity
Fluid flow through a porous medium is described by the Darcy's law, and mean flow velocity, v, is expressed as follows. (11) where g L is volume fraction of liquid, n is number of flow channels per unit area (m 2 ), t is tortuosity factor. The tortuosity factor was introduced to account for the fact that the flow channels are not straight and symmetrical.
If one assumes that the number of channels is equal to the number of regions between dendrite arms, and the spacing between these channels is equal to the dendrite arm spacing, It can be considered that the tortuosity factor, t corresponds to the complexity of the dendrite morphology. The complexity of the dendrite morphology is shown in Fig. 2 and Fig. 3 as the fractal dimension and the dimensionless perimeter. If the value of t can be evaluated from the fractal dimension or the dimensionless perimeter, we can evaluate the permeability.
It could be expected that the tortuosity factor is proportional to the fractal dimension and the dimensionless perimeter. As most simple case, we assumed that the fractal dimension or the dimensionless perimeter is equal to the tortuousity factor.
By substituting the value of the tortuousity factor, t, into the Eq. (12), the relationship between liquid fraction, f L , and K/l 2 2 can be obtained. Figure 5 shows the change in K/l 2 2 with change in the liquid fraction, f L , for four dendrite structures shown in Fig. 1 calculated with the assumption that the fractal dimension, D f , is equal to the tortuosity factor. The value of K/l 2 2 decreases with decrease in the fraction of liquid, and the value of the permeability of each dendrite structure is in order of C, A, B and D. Figure 6 shows the relationship between liquid fraction, f L , and K/l 2 2 calculated with the assumption that the dimensionless perimeter, L, is equal to the tortuosity factor. Similar result to the Fig. 5 is obtained and the value of the permeability of each dendrite structure is in order of C, A, B and D. It should be noted that the difference of the value of K/l 2 2 between at high and low liquid fraction is larger than that shown in the Fig. 5 .
By estimating the dendrite arm spacing, l 2 , of corresponding alloys based on experimental or theoretical methods, the permeability, K, can be obtained from the value of K/l 2 2 .
Control Factors for Determining Permeability
In the above sections, it was shown that the interdendritic fluidity of the mushy zone can be estimated by evaluating the fractal dimension or the dimensionless perimeter from the dendrite morphology simulated by the PF method with different materials properties. Dendrite morphology should be changed by factors such as cooling rate, chemical composition, materials properties, etc. If main factors controlling dendrite morphology can be clarified, the permeability will be controlled by controlling the dendrite morphology.
In order to reduce the degree of macro-segregation of multi component alloy castings in various casting conditions, it is necessary to decrease the value of the permeability of the mushy zone of corresponding alloys. In Sec 3.1, it was shown that the dendrite morphology can be controlled by changing the material properties such as partition coefficient, S/L interface energy and the magnitude of the anisotropy parameter. However, it is not easy to control the interfacial energy and the magnitude of the anisotropy directly. Factors that can effectively control the dendrite morphology are chemical composition which determines the partition coefficient of each element and cooling rate of a casting.
A PF simulation was carried out to investigate the effect of cooling rate and composition on the dendrite morphology of Fe-base alloys. It could be considered that the change in composition affects the S/L interface energy and anisotropy, and resulting in different dendrite morphology. However, at the present time, it is difficult to predict the effect of adding elements on the S/L interface energy and the anisotropy. In the simulation, the material properties listed in Table1 were used. The temperature of the domain was lowered with constant cooling rate from liquidus temperature. As an example, simulated dendrites in the state of low liquid fraction are shown in Fig. 7 for three different conditions of (A) Fe-0.15mass%C, R C ϭ50 K/s, (B) Fe-0.15mass%C, R C ϭ100 K/s and (C) Fe-0.15mass%C-0.5mass%Mn, R C ϭ100 K/s, where R C is cooling rate. Evaluated fractal dimensions and dimensionless perimeters from the dendrite morphology are also described in the Fig.  7 . It seems that the dendrite morphology becomes more complex with increase in cooling rate and the addition of Mn.
Dendrite arm spacing of each simulated dendrite was measured and the values of the permeability were calculated from the Eq. (12) . Figure 8 shows the relationship between liquid fraction and estimated permeability from the simulated dendrite morphology for different composition and cooling rate by using the PF method. The permeability of the Fe-C-Mn alloy decrease with decrease in liquid fraction and the proportionality between the permeability and liquid fraction is made up. However, the permeability of the Fe-C binary alloy is not proportional to the liquid fraction in both case of dendrite morphology with different cooling rate. As this reason, it can be considered that the evaluation of the permeability in high liquid fraction of 0.7 is not reasonable because the development of dendrite network is insufficient. Moreover, in the calculation of the permeability shown in Fig. 8 , it was assumed that the tortuosity factor, t, is directly equal to fractal dimensions. In the present 2D simulation, the value of the fractal dimension of the dendrite morphology changes in a relatively narrow range from about 1.2 to 1.5 as shown in the Fig. 2 . The permeability calculated by using the Eq. (12) was determined by the tortuosity factor, t, and dendrite arm spacing l 2 and some fluctuation of the fractal dimension and l 2 with high liquid fraction state may produce reverse result of the value of the permeability. Figure 9 shows evaluated permeability by using the dimensionless perimeter of the dendrite morphologies simulated under same condition shown in Fig. 8 . The permeability decrease with decrease in the liquid fraction, and in this case, the proportionality between the permeability and liquid fraction is made up for all conditions. A range of the value of the dimensionless perimeter with change in liquid fraction is relatively wide from about 2 to 10 as shown in the Fig. 3 . This characteristic may cause the proportionality between the permeability and liquid fraction even in the region of high liquid fraction.
The values of the permeability shown in Fig. 9 are in a range from 1.1ϫ10 Ϫ14 to 2.7ϫ10 Ϫ13 m 2 and those values approximately correspond to experimentally measured permeability for metallic alloy specimens. [1] [2] [3] [4] [5] [6] [7] From this result, It could be expected that the dimensionless perimeter has similar characteristic to the tortuosity factor and could be applied directly into Eqs. (11) or (12) instead of the tortuosity factor. On the other hand, it seems difficult to regard the fractal dimension as the tortuosity factor. However, the evaluation of the dimensionless perimeter from the observation of a real dendrite structure is difficult, while the measurement of the fractal dimension of the dendrite structure is relatively easy. If the relationship between the fractal dimension and the dimensionless perimeter such as that shown in the Fig. 4 is obtained, it could be expected that the fractal dimension can be applied to evaluate the permeability of a dendrite array observed in a real casting.
Presents result also demonstrates the possibility to evaluate the permeability of multi-component alloy with different cooling condition based on the PF simulation. Detailed comparison between simulated and measured permeability and further discussion will be presented in our next papers.
Conclusion
In the present study, fractal dimension and dimensionless perimeter were applied to describe the dendrite morphologies of Fe-C binary and Fe-C-Mn ternary alloys, which were simulated by using the phase-field method. It was demonstrated that the fractal dimension and dimensionless perimeter are applicable to estimate the complexity of the dendrite morphology. The fluidity of the interdendritic liquid flow in the simulated dendrite structure was estimated as the form of permeability, based on the evaluated fractal dimension and dimensionless perimeter. The values of the estimated permeability are in a range from 1.1ϫ10 Ϫ14 to 2.7ϫ10 Ϫ13 m 2 and approximately corresponded to the permeability measured by experimental method for metallic alloy specimens. 8 . Evaluated permeability from the fractal dimension of the dendrite morphologies simulated by using the condition shown in Fig. 7 . Fig. 9 . Evaluated permeability from the dimensionless perimeter of the dendrite morphologies simulated by using the condition shown in Fig. 7 .
